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Outline
Gravitational Waves (GWs) and LIGO-Virgo-KAGRA (LVK) collaboration
• Quick recap about GWs
• Introduction to LVK: detector network and main analyses
• Milestones in GW astronomy and future observing runs

Stochastic Gravitational-Wave Background: Introduction and LVK searches
• SGWB: definition and sources
• LVK searches: cross-correlation method

Stochastic gravitational-wave background searches and constraints on neutron-star ellipticity 
• Motivations and signal model
• Search for isotropic SGWB from Galactic NSs and implication for NS ellipticity

If time will allow (backup slides)
• Directional searches, SGWB from extragalactic NSs ‘‘hotspots’’
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Gravitational Waves and 
LIGO-Virgo-KAGRA 

collaboration
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What are Gravitational Waves?
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prediction in 

1916
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Wave equation!
What is oscillating?

GWs as spacetime ripples
that propagate at the 

speed of light

From Theory 
prediction in 

1916

□തℎ𝜇𝜈 = −
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ℎ𝜇𝜈 ≪ 1
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How are GWs detected?
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http://www.thespectrumofriemannium.com/2019/10/19/log237-gw-music/
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2nd generation ground based detectors network
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LIGO-Hanford, Washington, USA(2015)

LIGO-Livingston, Louisiana, USA (2015)

VIRGO, Cascina (PI), Italy (2017) KAGRA, Kamioka, Japan (2020)LIGO-India, Hingoli District, Maharashtra,India(202X)



Credits: esa.int
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https://www.esa.int/About_Us/ESAC/ESA_congratulations_on_gravitational_wave_discovery


Credits: esa.int

Simplified Michelson Inteferometer
acting as GWs detector.

Detector response to GWs

ℎ𝑠𝑡𝑟𝑎𝑖𝑛 𝑡 =
Δ𝐿(𝑡)

𝐿
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https://www.esa.int/About_Us/ESAC/ESA_congratulations_on_gravitational_wave_discovery


What kind of searches are 
performed?
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GWs searches

Compact binary coalescence Continuous waves (CW)

Bursts Stochastic
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Timeline and future plans
16th  June 2022

https://observing.docs.ligo.org/plan/
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https://observing.docs.ligo.org/plan/


What happened during the 
first three observing runs?
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GWTC-3
https://ligo.northwestern.edu/media/mass-plot/index.html
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https://ligo.northwestern.edu/media/mass-plot/index.html


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
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https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg

GW150914
(36 𝑀⊙; 31 𝑀⊙) →63 𝑀⊙

The first Binary Black Hole (BBH) merger 
and the beginning of GW astronomy.

https://www.ligo.org/science/Publication-GW150914/
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https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.116.061102
https://www.ligo.org/science/Publication-GW150914/


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg

GW170814
(31 𝑀⊙; 25 𝑀⊙) → 53 𝑀⊙

First joint detection of the HLV network.

https://www.ligo.org/detections/GW170814.php
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https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.119.141101
https://www.ligo.org/detections/GW170814.php


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg

GW170817
1.5 𝑀⊙; 1.3 𝑀⊙ → ≤ 2.8 𝑀⊙

The first Binary Neutron Star (BNS) merger, first 
EM-counterpart (GRB 170817A), and  start of 

GW-EM multi-messenger astronomy.

https://www.ligo.org/detections/GW170817.php
25

https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.119.161101
https://academic.oup.com/mnras/article/478/1/733/4990661?login=false
https://www.ligo.org/detections/GW170817.php


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg

GW190412
(30 𝑀⊙; 8.3 𝑀⊙) → 37 𝑀⊙

First relevant asymmetric mass ratio.

https://www.ligo.org/detections/GW190412.php
26

https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.102.043015
https://www.ligo.org/detections/GW190412.php


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg

GW190425
(2 𝑀⊙; 1.4 𝑀⊙) → 3.2 𝑀⊙

Second BNS event.

https://www.ligo.org/detections/GW190425.php27

https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
https://iopscience.iop.org/article/10.3847/2041-8213/ab75f5
https://www.ligo.org/detections/GW190425.phpù


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg

GW190521
(95 𝑀⊙; 69 𝑀⊙) → 156 𝑀⊙

Largest progenitor masses to that date.

https://www.ligo.org/detections/GW190521.php28

https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.101102
https://www.ligo.org/detections/GW190521.php


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg

GW190814
(23 𝑀⊙; 2.6 𝑀⊙) → 26 𝑀⊙

One of the two progenitors in the mass gap: 
lightest BH or heaviest NS (or something more 

exotic?!)
.

https://www.ligo.org/detections/GW190814.php29

https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
https://iopscience.iop.org/article/10.3847/2041-8213/ab960f
https://www.ligo.org/detections/GW190814.php


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg

GW200105 & GW200115
(9 𝑀⊙; 1.9 𝑀⊙) → 11 𝑀⊙

(5.9 𝑀⊙; 1.4 𝑀⊙) → 7.2 𝑀⊙

First two binary Black Hole-Neutron Star 
(BHNS) mergers.

https://www.ligo.org/detections/NSBH2020.php
30

https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
https://iopscience.iop.org/article/10.3847/2041-8213/ac082e
https://www.ligo.org/detections/NSBH2020.php


https://www.ligo.org/detections/O3bcatalog/files/gwmerger-poster-white-md.jpg
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https://www.ligo.org/detections/O3bcatalog/files/GWTC-Poster-O123-Landscape-WhiteBkg.png


https://dcc.ligo.org/public/0180/G2102395/001/cumulative_events_GWTC3colors200322.png

Cumulative detections during O1-O2-O3

O4 projections: final
number of detected events 

more than doubled!
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Stochastic Gravitational Wave 
Background

(SGWB)
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What is a stochastic
gravitational-wave background?
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What is a SGWB?

Noise?! 
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What is a SGWB?

Noise?! 

or rather

SYMPHONY OF THE UNIVERSE!
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Astrophysical
GWB

Binary mergers

Core-collapse
to supernova

Isolated neutron stars,
magnetars …
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Cosmic GWB: 
Sources/mechanisms

Cosmic Strings Slow-Roll Inflation

First Order Phase TransitionPrimordial Black Holes
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What is a SGWB? - Definition
A random gravitational-wave signal produced by a large number of weak, independent and unresolved sources.

‘‘Textboook’’ 
definition

Characterizable only
statistically

Not decomposable into
separate and individually

detectable sources

Depend on details of 
the observation

40



ℎ𝑎𝑏 𝑡, 𝒙 , ℎ𝑎𝑏 𝑡, 𝒙 ℎ𝑐𝑑 𝑡′, 𝒙′ , ℎ𝑎𝑏 𝑡, 𝒙 ℎ𝑐𝑑 𝑡, ′ 𝒙′ ℎ𝑒𝑓 𝑡′′, 𝒙′′ , …

ℎ𝑎𝑏 𝑡, 𝒙 = න
−∞

∞

𝑑𝑓 න𝑑2Ωෝ𝒏 ℎ𝑎𝑏 𝑓, ෝ𝒏 𝑒2𝜋𝑖𝑓(𝑡+ෝ𝒏⋅𝒙/𝑐) ℎ𝑎𝑏 𝑓, ෝ𝒏 = ෍

𝐴= +,×

ℎ𝐴 𝑓, ෝ𝒏 𝑒𝑎𝑏
𝐴 (ෝ𝒏)

What is a SGWB? - Definition
A random gravitational-wave signal produced by a large number of weak, independent and unresolved sources.

‘‘Textboook’’ 
definition

Characterizable only
statistically

Not decomposable into
separate and individually

detectable sources

Plane wave expansion
(TT gauge)

Fully characterized by

Statistical momenta

Depend on details of 
the observation

RANDOM VARIABLES

41



ℎ𝑎𝑏 𝑡, 𝒙 = 0 ֞ ℎ𝐴 𝑓, ෝ𝒏 = 0 + Gaussianity

ℎ𝑎𝑏 𝑡, 𝒙 , ℎ𝑎𝑏 𝑡, 𝒙 ℎ𝑐𝑑 𝑡′, 𝒙′ , ℎ𝑎𝑏 𝑡, 𝒙 ℎ𝑐𝑑 𝑡, ′ 𝒙′ ℎ𝑒𝑓 𝑡′′, 𝒙′′ , …

ℎ𝑎𝑏 𝑡, 𝒙 = න
−∞

∞

𝑑𝑓 න𝑑2Ωෝ𝒏 ℎ𝑎𝑏 𝑓, ෝ𝒏 𝑒2𝜋𝑖𝑓(𝑡+ෝ𝒏⋅𝒙/𝑐) ℎ𝑎𝑏 𝑓, ෝ𝒏 = ෍

𝐴= +,×

ℎ𝐴 𝑓, ෝ𝒏 𝑒𝑎𝑏
𝐴 (ෝ𝒏)

What is a SGWB? - Definition
A random gravitational-wave signal produced by a large number of weak, independent and unresolved sources.

‘‘Textboook’’ 
definition

Characterizable only
statistically

Not decomposable into
separate and individually

detectable sources

Plane wave expansion
(TT gauge)

Fully characterized by

Statistical momenta

Depend on details of 
the observation

Fully characterized by 
the 2-points correlator!

RANDOM VARIABLES

Standard 
hypothesis

42



Ω𝐺𝑊 = න
𝑓=0

𝑓𝑚𝑎𝑥

Ω𝑔𝑤(𝑓) 𝑑𝑓

What is a SGWB? – Quantities of interest

Energy density
ratio for GW

43



Ω𝑔𝑤 𝑓 =
2𝜋2

3𝐻0
2 𝑓2ℎ𝑐

2 𝑓 , ℎ𝑐(𝑓) ≡ 𝑓𝑆ℎ 𝑓

𝜌𝐺𝑊 =
ሶℎ𝑖𝑗 𝑡, 𝒙 ሶℎ𝑖𝑗 𝑡, 𝒙

32𝜋𝐺
= න

𝑓=0

𝑓𝑚𝑎𝑥

𝑓
𝑑𝜌𝑔𝑤

𝑑𝑓
𝑑𝑓

Ω𝑔𝑤 𝑓 =
𝑓

𝜌𝑐

𝑑𝜌𝑔𝑤

𝑑𝑓
𝑓 , 𝜌𝑐 =

3𝐻0
2

8𝜋𝐺
Ω𝐺𝑊 = න

𝑓=0

𝑓𝑚𝑎𝑥

Ω𝑔𝑤(𝑓) 𝑑𝑓

What is a SGWB? – Quantities of interest

Energy density
ratio for GW

Critical 
density

GW Energy 
density

Related to 

Characteristic
strain amplitude

44



ℎ𝐴
∗ 𝑓, ෝ𝒏 ℎ𝐴 𝑓′, ෝ𝒏′ =

1

16𝜋
𝑆ℎ 𝑓 𝛿 𝑓 − 𝑓′ 𝛿𝐴𝐴′ 𝛿2(ෝ𝒏, ෡𝒏′)

Ω𝑔𝑤 𝑓 =
2𝜋2

3𝐻0
2 𝑓2ℎ𝑐

2 𝑓 , ℎ𝑐(𝑓) ≡ 𝑓𝑆ℎ 𝑓

𝜌𝐺𝑊 =
ሶℎ𝑖𝑗 𝑡, 𝒙 ሶℎ𝑖𝑗 𝑡, 𝒙

32𝜋𝐺
= න

𝑓=0

𝑓𝑚𝑎𝑥

𝑓
𝑑𝜌𝑔𝑤

𝑑𝑓
𝑑𝑓

Ω𝑔𝑤 𝑓 =
𝑓

𝜌𝑐

𝑑𝜌𝑔𝑤

𝑑𝑓
𝑓 , 𝜌𝑐 =

3𝐻0
2

8𝜋𝐺
Ω𝐺𝑊 = න

𝑓=0

𝑓𝑚𝑎𝑥

Ω𝑔𝑤(𝑓) 𝑑𝑓

What is a SGWB? – Quantities of interest

Energy density
ratio for GW

Critical 
density

GW Energy 
density

Gaussian, stationary, 
unpolarized, isotropic

background

Related to quantities closer
to the detector

Stationarity

Unpolarized

Spacial homogeneity
and isotropy

One-sided GW strain power spectral density

Related to 

Characteristic
strain amplitude

(summed over polarizations and integrated
over the sky)

𝑆ℎ 𝑓 =
3𝐻0

2

2𝜋2

Ω𝑔𝑤(𝑓)

𝑓3
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Sathyaprakash
B.S. et al., 2019

Cosmological SGWB
and sensitivities of the 

experiments

Astrophysical SGWB

Regimbau T., 2011
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https://arxiv.org/pdf/1903.09260.pdf
https://iopscience.iop.org/article/10.1088/1674-4527/11/4/001/pdf


How to search for a SGWB 
with ground-based detectors?

47



Basic idea of the cross-correlation search
Answer to the question:
‘‘How to deal with the fact that SGWB is indistinguishable from unidentified instrumental noise in a single detector?’’

48



Basic idea of the cross-correlation search
Answer to the question:
‘‘How to deal with the fact that SGWB is indistinguishable from unidentified instrumental noise in a single detector?’’

Cross-correlation statistic

2 different detectors data

Non-zero, in general (e.g. 
Schumann resonances), yet
distinguishable from SGWB

Cross-correlated

𝑑1 = ℎ + 𝑛1, 𝑑2 = ℎ + 𝑛2

መ𝐶12 = 𝑑1𝑑2 = ℎ2 + ℎ𝑛2 + 𝑛1ℎ + 𝑛1𝑛2 = ℎ2 + 𝑛1𝑛2

49
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Basic idea of the cross-correlation search
Answer to the question:
‘‘How to deal with the fact that SGWB is indistinguishable from unidentified instrumental noise in a single detector?’’

Cross-correlation statistic

Moreover, assuming uncorrelated noise

It simplifies to

2 different detectors data

Non-zero, in general (e.g. 
Schumann resonances), yet
distinguishable from SGWB

Caveat: This is a very basic example (co-aligned, co-located, identical detectors); things get

much more complicated in practice (detector geometry, discrete sampling, discrete frequency, 
multiple data samples, multiple detectors, different properties of the SGWB)!!!

Cross-correlated

Cross-correlation as estimator of 
the GW power spectral density

𝑑1 = ℎ + 𝑛1, 𝑑2 = ℎ + 𝑛2

መ𝐶12 = 𝑑1𝑑2 = ℎ2 + ℎ𝑛2 + 𝑛1ℎ + 𝑛1𝑛2 = ℎ2 + 𝑛1𝑛2

𝑛1𝑛2 =0

መ𝐶12 = ℎ2 ≡ 𝑆ℎ

50
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ℎ 𝑡 = 𝑭 ∗ 𝒉 𝑡, 𝒙 ≡ න
−∞

∞

𝑑𝜏 න 𝑑3𝑦 𝐹𝑎𝑏 𝜏, 𝒚 ℎ𝑎𝑏(𝑡 − 𝜏, 𝒙 − 𝒚)

Detector response and geometry
Detector acts like a linear filter on the GW signal, due to its weakness.

Convolution in time domain

This translates in

Detector impulse response

51



෨ℎ f = න 𝑑2Ωෝ𝒏𝐹𝑎𝑏 𝑓, ෝ𝒏 ℎ𝑎𝑏(𝑓, ෝ𝒏) = න 𝑑2Ωෝ𝒏 ෍

𝐴

𝐹𝐴 𝑓, ෝ𝒏 ℎ𝐴(𝑓, ෝ𝒏)

ℎ 𝑡 = 𝑭 ∗ 𝒉 𝑡, 𝒙 ≡ න
−∞

∞

𝑑𝜏 න 𝑑3𝑦 𝐹𝑎𝑏 𝜏, 𝒚 ℎ𝑎𝑏(𝑡 − 𝜏, 𝒙 − 𝒚)

Detector response and geometry
Detector acts like a linear filter on the GW signal, due to its weakness.

Convolution in time domain

Plane wave expansion +
Fourier transform

Frequency domain

Antenna beam patterns

This translates in

Detector impulse response

(polarization basis)

𝐹𝐴 𝑓, ෝ𝒏 = 𝐹𝑎𝑏 𝑓, ෝ𝒏 𝑒𝑎𝑏
𝐴 ෝ𝒏

𝐹 = 𝐹+ 𝑓, ෝ𝒏 𝟐 + 𝐹× 𝑓, ෝ𝒏 𝟐

52

𝑭+ 𝑭× 𝑭
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መ𝐶12(𝑓) = ሚ𝑑1 𝑓 ሚ𝑑2
∗(𝑓′) ≈ ෨ℎ1 𝑓 ෨ℎ2

∗ 𝑓′ =
1

2
𝛿(𝑓 − 𝑓′)Γ12 𝑓 𝑆ℎ(𝑓)

෨ℎ f = න 𝑑2Ωෝ𝒏𝐹𝑎𝑏 𝑓, ෝ𝒏 ℎ𝑎𝑏(𝑓, ෝ𝒏) = න 𝑑2Ωෝ𝒏 ෍

𝐴

𝐹𝐴 𝑓, ෝ𝒏 ℎ𝐴(𝑓, ෝ𝒏)

ℎ 𝑡 = 𝑭 ∗ 𝒉 𝑡, 𝒙 ≡ න
−∞

∞

𝑑𝜏 න 𝑑3𝑦 𝐹𝑎𝑏 𝜏, 𝒚 ℎ𝑎𝑏(𝑡 − 𝜏, 𝒙 − 𝒚)

Detector response and geometry
Detector acts like a linear filter on the GW signal, due to its weakness.

Convolution in time domain

Plane wave expansion +
Fourier transform

Frequency domain

Antenna beam patterns

This translates in

Detector impulse response

(polarization basis)

𝐹𝐴 𝑓, ෝ𝒏 = 𝐹𝑎𝑏 𝑓, ෝ𝒏 𝑒𝑎𝑏
𝐴 ෝ𝒏

𝐹 = 𝐹+ 𝑓, ෝ𝒏 𝟐 + 𝐹× 𝑓, ෝ𝒏 𝟐

Overlap reduction function
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Γ𝐼𝐽 𝑓 ≡
1

8𝜋
න 𝑑2Ωෝ𝒏 ෍

𝐴

𝐹𝐼
𝐴 𝑓, ෝ𝒏 𝐹𝐽

𝐴∗ 𝑓, ෝ𝒏

The overlap reduction function: definitions

ORF: Geometrical factor that quantifies the reduction in 
sensitivity of the cross-correlation to a SGWB due to the 
non-trivial response of the two detectors and their
separation and orientation relative to one another.

Antenna pattern = non-trivial
response of single detectprs

Relative separation and orientation
of the two detectors
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Γ𝐼𝐽 𝑓 ≡
1

8𝜋
න 𝑑2Ωෝ𝒏 ෍

𝐴

𝐹𝐼
𝐴 𝑓, ෝ𝒏 𝐹𝐽

𝐴∗ 𝑓, ෝ𝒏

𝛾𝐼𝐽 𝑓 =
5

sin2𝛽
Γ𝐼𝐽 𝑓 𝛾𝐼𝐽 0 = 1

The overlap reduction function: definitions

ORF: Geometrical factor that quantifies the reduction in 
sensitivity of the cross-correlation to a SGWB due to the 
non-trivial response of the two detectors and their
separation and orientation relative to one another.

Antenna pattern = non-trivial
response of single detectprs

Relative separation and orientation
of the two detectors

Co-located, co-coaligned, 
identical detectors

Normalized ORF for two
identical equal-arm Michelson

interferometers

Opening angle 
between the two arms

Suitable
normalization

56



Γ𝐼𝐽 𝑓 ≡
1

8𝜋
න 𝑑2Ωෝ𝒏 ෍

𝐴

𝐹𝐼
𝐴 𝑓, ෝ𝒏 𝐹𝐽

𝐴∗ 𝑓, ෝ𝒏

𝛾𝐼𝐽 𝑓 =
5

sin2𝛽
Γ𝐼𝐽 𝑓 𝛾𝐼𝐽 0 = 1

The overlap reduction function: definitions

ORF: Geometrical factor that quantifies the reduction in 
sensitivity of the cross-correlation to a SGWB due to the 
non-trivial response of the two detectors and their
separation and orientation relative to one another.

Antenna pattern = non-trivial
response of single detectprs

Relative separation and orientation
of the two detectors

Suitable
normalization

Co-located, co-coaligned, 
identical detectors

Normalized ORF for two
identical equal-arm Michelson

interferometers

Opening angle 
between the two arms

𝛾𝐻𝐿 0 = −0.89 Why?

• < 0 due to H-L arms rotated 90° with respect to one another
• Less than unity: 27.2° between the detectors planes as seen from the Earth center
• First zero at 60 Hz, close to c/(2s) = 50 Hz, s = 3000 Km
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The isotropic search: optimal filtering (1)

𝑆ℎ 𝑓 =
3 𝐻0

2

2𝜋2

Ω𝛼

𝑓𝑟𝑒𝑓
3

𝑓

𝑓𝑟𝑒𝑓

𝛼−3

≡ Ω𝛼𝑆𝛼 𝑓 , 𝑆𝛼 𝑓 ≡
3𝐻0

2

2𝜋2

1

𝑓𝑟𝑒𝑓
3

𝑓

𝑓𝑟𝑒𝑓

𝛼−3
Searching for a 

power-law model
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The isotropic search: optimal filtering (1)

Cross-correlation
estimator

Total observation time (segment duration)

መ𝐶12(𝑓) = ሚ𝑑1 𝑓 ሚ𝑑2
∗(𝑓) ≈ ෨ℎ1 𝑓 ෨ℎ2

∗ 𝑓 =
𝑇

2
Γ12 𝑓 𝑆ℎ(𝑓)

∗ 𝛿 𝑓 − 𝑓′ → 𝑇𝑠𝑖𝑛𝑐[𝜋 𝑓 − 𝑓′ 𝑇]

∗

𝑆ℎ 𝑓 =
3 𝐻0

2

2𝜋2

Ω𝛼

𝑓𝑟𝑒𝑓
3

𝑓

𝑓𝑟𝑒𝑓

𝛼−3

≡ Ω𝛼𝑆𝛼 𝑓 , 𝑆𝛼 𝑓 ≡
3𝐻0

2

2𝜋2

1

𝑓𝑟𝑒𝑓
3

𝑓

𝑓𝑟𝑒𝑓

𝛼−3
Searching for a 

power-law model

መ𝐶12 𝑡 = න
−∞

∞

𝑑𝑓 ෨𝑄(𝑡; 𝑓) ሚ𝑑1 𝑡; 𝑓 ሚ𝑑2
∗(𝑡; 𝑓)Optimal filtering

Get an estimator for 
Ω𝛼 through

Filter to be determined
given a modelStarting from
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𝑁𝑓𝑓′ ≡ መ𝐶12 𝑓 መ𝐶12
∗ 𝑓′ − መ𝐶12 𝑓 መ𝐶12

∗ 𝑓′ ≈ 𝑛1 𝑓 𝑛1
∗ 𝑓′ 𝑛2 𝑓 𝑛2

∗ 𝑓′

=
𝑇

4
𝑃𝑛1

𝑓 𝑃𝑛2
𝑓 𝛿(𝑓 − 𝑓′) 𝑛𝐼 𝑓 𝑛𝐼

∗(𝑓′) =
1

2
𝑃𝑛𝐼

𝑓 𝛿(𝑓 − 𝑓′)

The isotropic search: optimal filtering (1)

Cross-correlation
estimator

(Noise) correlation
matrix

Total observation time (segment duration)

Weak-signal limit

1-sided noise power spectral density

መ𝐶12(𝑓) = ሚ𝑑1 𝑓 ሚ𝑑2
∗(𝑓) ≈ ෨ℎ1 𝑓 ෨ℎ2

∗ 𝑓 =
𝑇

2
Γ12 𝑓 𝑆ℎ(𝑓)

∗ 𝛿 𝑓 − 𝑓′ → 𝑇𝑠𝑖𝑛𝑐[𝜋 𝑓 − 𝑓′ 𝑇]

∗

𝑆ℎ 𝑓 =
3 𝐻0

2

2𝜋2

Ω𝛼

𝑓𝑟𝑒𝑓
3

𝑓

𝑓𝑟𝑒𝑓

𝛼−3

≡ Ω𝛼𝑆𝛼 𝑓 , 𝑆𝛼 𝑓 ≡
3𝐻0

2

2𝜋2

1

𝑓𝑟𝑒𝑓
3

𝑓

𝑓𝑟𝑒𝑓

𝛼−3
Searching for a 

power-law model

መ𝐶12 𝑡 = න
−∞

∞

𝑑𝑓 ෨𝑄(𝑡; 𝑓) ሚ𝑑1 𝑡; 𝑓 ሚ𝑑2
∗(𝑡; 𝑓)Optimal filtering

Get an estimator for 
Ω𝛼 through

Filter to be determined
given a modelStarting from

with 
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𝑆𝑁𝑅 = 𝑇 න
−∞

∞ Γ12
2 𝑓 𝑆ℎ

2 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓
𝑑𝑓

෨𝑄 𝑓 ≡ 𝒩
Γ12 𝑓 𝑆𝛼 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓

𝜎෡Ω𝛼

2 = 𝑇 න
−∞

∞ Γ12
2 𝑓 𝑆𝛼

2 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓
𝑑𝑓

−1

෡Ω𝛼 = 𝒩 න
−∞

∞ Γ12 𝑓 𝑆𝛼 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓
ሚ𝑑1 𝑓 ሚ𝑑2

∗(𝑓)𝑑𝑓

The isotropic search: optimal filtering (2)

Optimal
estimator

Energy ratio estimator Estimator variance

Model dependent, optimal filter,

Signal-to-noise ratio 

proportional to 𝑇

𝒩 ≡
𝑇

2
න

−∞

∞ Γ12
2 𝑓 𝑆𝛼

2 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓
𝑑𝑓

−1
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෡Ω𝛼 =
σ𝑘

෡Ω𝛼 f𝑘 𝜎෡Ω𝛼

−2(𝑓𝑘)

σ𝑘′ 𝜎෡Ω𝛼

−2(𝑓𝑘′)
𝜎෡Ω𝛼

2 =
1

σ𝑘′ 𝜎෡Ω𝛼

−2(𝑓𝑘′)

𝜎෡Ω𝛼

2 𝑓 ≈
1

2𝑇Δ𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓

Γ12
2 𝑓 𝑆𝛼

2 𝑓
෡Ω𝛼 f ≡

2

𝑇

𝑅𝑒 ሚ𝑑1 𝑓 ሚ𝑑2
∗(𝑓)

Γ12 𝑓 𝑆𝛼(𝑓)

𝑆𝑁𝑅 = 𝑇 න
−∞

∞ Γ12
2 𝑓 𝑆ℎ

2 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓
𝑑𝑓

෨𝑄 𝑓 ≡ 𝒩
Γ12 𝑓 𝑆𝛼 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓

𝜎෡Ω𝛼

2 = 𝑇 න
−∞

∞ Γ12
2 𝑓 𝑆𝛼

2 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓
𝑑𝑓

−1

෡Ω𝛼 = 𝒩 න
−∞

∞ Γ12 𝑓 𝑆𝛼 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓
ሚ𝑑1 𝑓 ሚ𝑑2

∗(𝑓)𝑑𝑓

The isotropic search: optimal filtering (2)

Optimal
estimator

Single frequency bins

Energy ratio estimator Estimator variance

Model dependent, optimal filter,

Signal-to-noise ratio 

proportional to 𝑇

𝒩 ≡
𝑇

2
න

−∞

∞ Γ12
2 𝑓 𝑆𝛼

2 𝑓

𝑃𝑛1
𝑓 𝑃𝑛2

𝑓
𝑑𝑓

−1

But in real
world

‘‘Narrow-band’’ 
estimator

‘‘Broad-band’’ 
estimator
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Introduction
and motivations

Continuous waves (CWs)
(quasi-) monochromatic, 

persistent GW signals

Isolated, rotating non-
axisymmetric, neutron stars (NSs)

Gravitational wave (GW) 
sources 

Expected to be

Single isolated NS

Expected to generate

CWs carry information about
individual properties

A rotating NS emitting GWs.
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Introduction
and motivations

Continuous waves (CWs)
(quasi-) monochromatic, 

persistent GW signals

Isolated, rotating non-
axisymmetric, neutron stars (NSs)

66

Gravitational wave (GW) 
sources 

Stochastic gravitational-wave background
from the overlap of weak signals from 

individually undetectable pulsars

SGWB carries information about
population properties

Galactic and Extra-Galactic
NS populations GWs

Expected to be

Single isolated NS

Expected to generate Expected to generate

Complementarity between the 
two searches!

CWs carry information about
individual properties

A rotating NS emitting GWs.

https://physics.anu.edu.au/quantum/cgp/research/datatheory/neutronstars.php


Modelling the source – The signal

• GW strain amplitude from an isolated, rotating, non-axisymmetric neutron star, at a distance 𝑑 from 

Earth, with a moment of inertia along z-axis 𝐼𝑧𝑧, and an ellipticity 𝜀 =
𝐼𝑥𝑥−𝐼𝑦𝑦

𝐼𝑧𝑧
:

ℎ0 𝑓 =
4𝜋2𝐺 𝜀 𝐼𝑧𝑧

𝑐4𝑑
𝑓2
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Modelling the source – The signal

• GW strain amplitude from an isolated, rotating, non-axisymmetric neutron star, at a distance 𝑑 from 

Earth, with a moment of inertia along z-axis 𝐼𝑧𝑧, and an ellipticity 𝜀 =
𝐼𝑥𝑥−𝐼𝑦𝑦

𝐼𝑧𝑧
:

ℎ0 𝑓 =
4𝜋2𝐺 𝜀 𝐼𝑧𝑧

𝑐4𝑑
𝑓2

• GW power spectral density from incoherent sum of the individual contributions:

𝐻 𝑓 = 8𝜋4
32𝜋4𝐺2 𝜀2

𝑁𝑆 𝐼𝑧𝑧
2

𝑁𝑆

5𝑐8

1

𝑑2

𝑁𝑆

𝑓4𝑁 𝑓 ,
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Modelling the source – The signal

• GW strain amplitude from an isolated, rotating, non-axisymmetric neutron star, at a distance 𝑑 from 

Earth, with a moment of inertia along z-axis 𝐼𝑧𝑧, and an ellipticity 𝜀 =
𝐼𝑥𝑥−𝐼𝑦𝑦

𝐼𝑧𝑧
:

ℎ0 𝑓 =
4𝜋2𝐺 𝜀 𝐼𝑧𝑧

𝑐4𝑑
𝑓2

• GW power spectral density from incoherent sum of the individual contributions:

𝐻 𝑓 = 8𝜋4
32𝜋4𝐺2 𝜀2

𝑁𝑆 𝐼𝑧𝑧
2

𝑁𝑆

5𝑐8

1

𝑑2

𝑁𝑆

𝑓4𝑁 𝑓 ,

with … 𝑁𝑆 the ensemble average over the NS population, and 𝑁(𝑓) the number of NSs emitting GWs
between 𝑓, 𝑓 + 𝑑𝑓 , defined as

𝑁 𝑓 = 𝑁0Φ 𝑓 , 𝑁0 න
0

∞

Φ 𝑓 𝑑𝑓 = 𝑁0.
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Modelling the source – The population

• 𝐼𝑧𝑧
2

𝑁𝑆
1/2

= 1038𝑘𝑔 𝑚2

•
1

𝑑2
𝑁𝑆

−1/2

= 6 𝑘𝑝𝑐 for Galactic NSs
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Modelling the source – The population

• 𝐼𝑧𝑧
2

𝑁𝑆
1/2

= 1038𝑘𝑔 𝑚2

•
1

𝑑2
𝑁𝑆

−1/2

= 6 𝑘𝑝𝑐 for Galactic NSs

• 𝑁0~108, assuming a Galactic supernovae rate to be 10−2𝑦𝑟−1[Diel et al. 2006], and the age of the Milky Way to 
be 1010𝑦𝑟.

71
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Modelling the source – The population

• 𝐼𝑧𝑧
2

𝑁𝑆
1/2

= 1038𝑘𝑔 𝑚2

•
1

𝑑2
𝑁𝑆

−1/2

= 6 𝑘𝑝𝑐 for Galactic NSs

• 𝑁0~108, assuming a Galactic supernovae rate to be 10−2𝑦𝑟−1[Diel et al. 2006], and the age of the Milky Way to 
be 1010𝑦𝑟.

• Φ(𝑓) from the (log10-) frequency distribution of the ≃3000 pulsars of the ATNF catalogue, by means of a 
Gaussian Kernel Density Estimator (KDE)
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Modelling the source – The population

• 𝐼𝑧𝑧
2

𝑁𝑆
1/2

= 1038𝑘𝑔 𝑚2

•
1

𝑑2
𝑁𝑆

−1/2

= 6 𝑘𝑝𝑐 for Galactic NSs

• 𝑁0~108, assuming a Galactic supernovae rate to be 10−2𝑦𝑟−1[ref], and the age of the Milky Way to be 1010𝑦𝑟.
• Φ(𝑓) from the (log10-) frequency distribution of the ≃3000 pulsars of the ATNF catalogue, by means of a 

Gaussian Kernel Density Estimator (KDE)

Φ 𝑓 Gaussian KDE from ATNF catalogue . Secondary peak at 526 Hz, 
falling within the frequency band to which the ground-based

gravitational-wave detectors are sensitive.

Unnormalised H(f): due to the dominant contribution of the 𝑓4 term, 
the peak is shifted to a higher frequency , at 1688 Hz.
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Modelling the source – The population

• 𝐼𝑧𝑧
2

𝑁𝑆
1/2

= 1038𝑘𝑔 𝑚2

•
1

𝑑2
𝑁𝑆

−1/2

= 6 𝑘𝑝𝑐 for Galactic NSs

• 𝑁0~108, assuming a Galactic supernovae rate to be 10−2𝑦𝑟−1[Diel et al. 2006], and the age of the Milky Way to 
be 1010𝑦𝑟.

• Φ(𝑓) from the (log10-) frequency distribution of the ≃3000 pulsars of the ATNF catalogue, by means of a 
Gaussian Kernel Density Estimator (KDE)

• 𝑁𝑏𝑎𝑛𝑑, number of NSs emitting GWs in the frequency band of the search 𝑓𝑚𝑖𝑛 , 𝑓𝑚𝑎𝑥 = 20, 1726 Hz:

𝑁𝑏𝑎𝑛𝑑 = 𝑁0 න
𝑓𝑚𝑖𝑛

𝑓𝑚𝑎𝑥

Φ 𝑓 𝑑𝑓 = 𝑁0 න
20 𝐻𝑧

1726 𝐻𝑧

Φ 𝑓 𝑑𝑓 = 0.16 𝑁0~1.6 × 107
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Modelling the source – The population

• 𝐼𝑧𝑧
2

𝑁𝑆
1/2

= 1038𝑘𝑔 𝑚2

•
1

𝑑2
𝑁𝑆

−1/2

= 6 𝑘𝑝𝑐 for Galactic NSs

• 𝑁0~108, assuming a Galactic supernovae rate to be 10−2𝑦𝑟−1[Diel et al. 2006], and the age of the Milky Way to 
be 1010𝑦𝑟.

• Φ(𝑓) from the (log10-) frequency distribution of the ≃3000 pulsars of the ATNF catalogue, by means of a 
Gaussian Kernel Density Estimator (KDE)

• 𝑁𝑏𝑎𝑛𝑑, number of NSs emitting GWs in the frequency band of the search 𝑓𝑚𝑖𝑛 , 𝑓𝑚𝑎𝑥 = 20, 1726 Hz:

𝑁𝑏𝑎𝑛𝑑 = 𝑁0 න
𝑓𝑚𝑖𝑛

𝑓𝑚𝑎𝑥

Φ 𝑓 𝑑𝑓 = 𝑁0 න
20 𝐻𝑧

1726 𝐻𝑧

Φ 𝑓 𝑑𝑓 = 0.16 𝑁0~1.6 × 107

Remark1: In this work, we have not considered the angular distribution of the Galactic NSs, and we have treated
the corresponding stochastic gravitational-wave background as isotropic.

Remark2: Including the all the anisotropies would require to employ the matched-filtered ‘‘λ-statistic’’, 
proposed in Talukder et al., 2011, and produce a template bank, out of the scope of the present work. See the 
recent paper by Agarwal at al., 2022, where this method is implemented. 75
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Isotropic analysis: recap about notation

෨ℎ𝐴 𝑓, ො𝑛 ෩ℎ𝐴′
∗ (𝑓′, ො𝑛′) =

1

16𝜋
𝐻 𝑓 𝛿 𝑓 − 𝑓′ 𝛿𝐴𝐴′𝛿2( ො𝑛, ො𝑛′)Gaussian, stationary, unpolarized, 

homogeneus isotropic background, 
not simple power-law. 𝐻 𝑓 =

3𝐻0
2

2𝜋2

Ω𝑔𝑤(𝑓)

𝑓3 Ω𝑔𝑤 𝑓 = Ω𝛼,𝑟𝑒𝑓

𝑓

𝑓𝑟𝑒𝑓

7
Φ(𝑓)

Φ(𝑓𝑟𝑒𝑓)
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Isotropic analysis: recap about notation

෨ℎ𝐴 𝑓, ො𝑛 ෩ℎ𝐴′
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Cross-correlation spectra as narrow-
band estimator (IJ = {H, L, V}) of Ω𝑔𝑤 𝑓 .

መ𝐶𝐼𝐽 𝑓 =
2

𝑇

𝑅𝑒[ ǁ𝑠1 𝑓 ǁ𝑠2
∗(𝑓)]

𝛾𝐼𝐽𝑆0(𝑓)

𝐻 𝑓 =
3𝐻0

2

2𝜋2

Ω𝑔𝑤(𝑓)

𝑓3 Ω𝑔𝑤 𝑓 = Ω𝛼,𝑟𝑒𝑓

𝑓

𝑓𝑟𝑒𝑓

7
Φ(𝑓)

Φ(𝑓𝑟𝑒𝑓)

𝜎𝐼𝐽
2 𝑓 ≈

1

2𝑇Δ𝑓

𝑃𝐼 𝑓 𝑃𝐽(𝑓)

𝛾𝐼𝐽
2 𝑓 𝑆0

2(𝑓)

𝑆0 𝑓 =
3𝐻0

2

2𝜋2𝑓3
መ𝐶𝐼𝐽 𝑓 = Ω𝑔𝑤(𝑓)
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መ𝐶𝐼𝐽 𝑓 = Ω𝑔𝑤(𝑓)

Broad-band estimator, from 
weighted sum over frequencies 

and independent baselines

መ𝐶𝐼𝐽 =
σ𝑘 𝑤(𝑓𝑘) መ𝐶𝐼𝐽 𝑓𝑘 /𝜎𝐼𝐽

2 (𝑓𝑘)

σ𝑘 𝑤2 𝑓𝑘 /𝜎𝐼𝐽
2 (𝑓𝑘)

𝜎𝐼𝐽
2 =

1

σ𝑘 𝑤2 𝑓𝑘 /𝜎𝐼𝐽
2 (𝑓𝑘)

መ𝐶 =
σ𝐼𝐽

መ𝐶𝐼𝐽/𝜎𝐼𝐽
2

σ𝐼𝐽 1/𝜎𝐼𝐽
2

𝜎2 =
1

σ𝐼𝐽 1/𝜎𝐼𝐽
2

Flexibility: 𝑤 𝑓 =
Ω𝑔𝑤(𝑓)

Ω𝑔𝑤(𝑓𝑟𝑒𝑓) 78
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Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population

Getting the estimator for the ensemble ellipticity (1) 
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Starting point 𝐻 𝑓 =
3𝐻0

2

2𝜋2

Ω𝑔𝑤(𝑓)

𝑓3

Getting the estimator for the ensemble ellipticity (1) 

𝐻 𝑓 = 8𝜋4
32𝜋4𝐺2 𝜀2

𝑁𝑆 𝐼𝑧𝑧
2

𝑁𝑆

5𝑐8

1

𝑑2

𝑁𝑆

𝑓4N𝑏𝑎𝑛𝑑Φ 𝑓

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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Ω f =
64 𝜋6𝐺2

3𝐻0
2

𝜀2
𝑁𝑆 𝐼𝑧𝑧

2
𝑁𝑆

5𝑐8

1

𝑑2

𝑁𝑆

𝑓7𝑁𝑏𝑎𝑛𝑑Φ(𝑓)

Ω 𝑓 =
𝑓

𝑓𝑟𝑒𝑓

7
Φ 𝑓

Φ 𝑓𝑟𝑒𝑓

𝜉 𝑁𝑏𝑎𝑛𝑑 𝜀2
𝑁𝑆 = 𝑤 𝑓 𝜉 𝜀2

𝑁𝑆

Starting point 𝐻 𝑓 =
3𝐻0

2

2𝜋2

Ω𝑔𝑤(𝑓)

𝑓3

and recast

Combine

Getting the estimator for the ensemble ellipticity (1) 

𝐻 𝑓 = 8𝜋4
32𝜋4𝐺2 𝜀2

𝑁𝑆 𝐼𝑧𝑧
2

𝑁𝑆

5𝑐8

1

𝑑2

𝑁𝑆

𝑓4N𝑏𝑎𝑛𝑑Φ 𝑓

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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Starting point 𝐻 𝑓 =
3𝐻0

2

2𝜋2

Ω𝑔𝑤(𝑓)

𝑓3 𝐻 𝑓 = 8𝜋4
32𝜋4𝐺2 𝜀2

𝑁𝑆 𝐼𝑧𝑧
2

𝑁𝑆

5𝑐8

1

𝑑2

𝑁𝑆

𝑓4N𝑏𝑎𝑛𝑑Φ 𝑓

and recast

Combine

෢𝜀2
𝑎𝑣

fk ≡
෡Ω𝑟𝑒𝑓(𝑓𝑘)

𝜉

Estimator for 

𝜺𝟐
𝒂𝒗

≡ 𝜺𝟐

𝑵𝑺

Ω𝐺𝑊 𝑓 = Ω𝐺𝑊(𝑓𝑟𝑒𝑓)𝑤 𝑓

Getting the estimator for the ensemble ellipticity (1) 

Ω f =
64 𝜋6𝐺2

3𝐻0
2

𝜀2
𝑁𝑆 𝐼𝑧𝑧

2
𝑁𝑆

5𝑐8

1

𝑑2

𝑁𝑆

𝑓7𝑁𝑏𝑎𝑛𝑑Φ(𝑓)

Ω 𝑓 =
𝑓

𝑓𝑟𝑒𝑓

7
Φ 𝑓

Φ 𝑓𝑟𝑒𝑓

𝜉 𝑁𝑏𝑎𝑛𝑑 𝜀2
𝑁𝑆 = 𝑤 𝑓 𝜉 𝜀2

𝑁𝑆

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population



Getting the estimator for the ensemble ellipticity (2) 
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෢𝜀2
𝑎𝑣

fk ≡
෡Ω𝑟𝑒𝑓(𝑓𝑘)

𝜉

Estimator for 

𝜺𝟐
𝒂𝒗

≡ 𝜺𝟐

𝑵𝑺

With expectation
value

෢𝜀2
𝑎𝑣

(𝑓𝑘) = 𝜀2
𝑁𝑆 = 𝜀𝑎𝑣

2 𝑓𝑘 + 𝜎𝜀
2 𝑓𝑘 ≈ 𝜀2 𝑓𝑘

Squared mean
value

Intrinsic
variance

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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෢𝜀2
𝑎𝑣

fk ≡
෡Ω𝑟𝑒𝑓(𝑓𝑘)

𝜉

Estimator for 

𝜺𝟐
𝒂𝒗

≡ 𝜺𝟐

𝑵𝑺

With expectation
value

Ƹ𝜀𝑎𝑣 𝑓𝑘 = ෢𝜀2
𝑎𝑣

fk
Estimator for 
𝜺𝒂𝒗 ≡ 𝜺 𝑵𝑺

What is its likelihood
function?

෢𝜀2
𝑎𝑣

(𝑓𝑘) = 𝜀2
𝑁𝑆 = 𝜀𝑎𝑣

2 𝑓𝑘 + 𝜎𝜀
2 𝑓𝑘 ≈ 𝜀2 𝑓𝑘

Squared mean
value

Intrinsic
variance

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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𝑎𝑣
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Estimator for 
𝜺𝒂𝒗 ≡ 𝜺 𝑵𝑺

What is its likelihood
function?

From the likelihood for the 
cross-correlation statistic

𝑝 መ𝐶 𝑓𝑘 Ω 𝑓𝑘 =
1

2𝜋𝜎Ω(𝑓𝑘)
𝑒

− ൗመ𝐶 𝑓𝑘 −Ω 𝑓𝑘

2
2𝜎Ω

2 (𝑓𝑘)

෢𝜀2
𝑎𝑣

(𝑓𝑘) = 𝜀2
𝑁𝑆 = 𝜀𝑎𝑣

2 𝑓𝑘 + 𝜎𝜀
2 𝑓𝑘 ≈ 𝜀2 𝑓𝑘

Squared mean
value

Intrinsic
variance

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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෢𝜀2
𝑎𝑣

fk ≡
෡Ω𝑟𝑒𝑓(𝑓𝑘)

𝜉

Estimator for 

𝜺𝟐
𝒂𝒗

≡ 𝜺𝟐

𝑵𝑺

With expectation
value

Ƹ𝜀𝑎𝑣 𝑓𝑘 = ෢𝜀2
𝑎𝑣

fk
Estimator for 
𝜺𝒂𝒗 ≡ 𝜺 𝑵𝑺

What is its likelihood
function?

From the likelihood for the 
cross-correlation statistic

𝑝 መ𝐶 𝑓𝑘 Ω 𝑓𝑘 =
1

2𝜋𝜎Ω(𝑓𝑘)
𝑒

− ൗመ𝐶 𝑓𝑘 −Ω 𝑓𝑘

2
2𝜎Ω

2 (𝑓𝑘)

Change of 
variable

No longer gaussian
distributed!

෢𝜀2
𝑎𝑣

(𝑓𝑘) = 𝜀2
𝑁𝑆 = 𝜀𝑎𝑣

2 𝑓𝑘 + 𝜎𝜀
2 𝑓𝑘 ≈ 𝜀2 𝑓𝑘

Squared mean
value

Intrinsic
variance

𝑝𝜀 Ƹ𝜀𝑎𝑣 𝑓𝑘 𝜀𝑎𝑣 𝑓𝑘 =
8

𝜋

𝜀𝑎𝑣 𝑓𝑘 𝜉

𝜎෡Ω(𝑓𝑘)
𝑒

− ൗො𝜀𝑎𝑣
2 𝑓𝑘 −𝜀𝑎𝑣

2 𝑓𝑘

2
𝜉2 2𝜎෡Ω

2 (𝑓𝑘)

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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With expectation
value

Ƹ𝜀𝑎𝑣 𝑓𝑘 = ෢𝜀2
𝑎𝑣

fk
Estimator for 
𝜺𝒂𝒗 ≡ 𝜺 𝑵𝑺

What is its likelihood
function?

From the likelihood for the 
cross-correlation statistic

𝑝𝜀 Ƹ𝜀𝑎𝑣 𝑓𝑘 𝜀𝑎𝑣 𝑓𝑘 =
8

𝜋

𝜀𝑎𝑣 𝑓𝑘 𝜉

𝜎෡Ω(𝑓𝑘)
𝑒

− ൗො𝜀𝑎𝑣
2 𝑓𝑘 −𝜀𝑎𝑣

2 𝑓𝑘
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𝑝 መ𝐶 𝑓𝑘 Ω 𝑓𝑘 =
1

2𝜋𝜎Ω(𝑓𝑘)
𝑒

− ൗመ𝐶 𝑓𝑘 −Ω 𝑓𝑘

2
2𝜎Ω

2 (𝑓𝑘)

Change of 
variable

No longer gaussian
distributed!

𝜎ො𝜀
2 𝑓𝑘 ቚ

ො𝜀 𝑓𝑘 ≪1
≈ 0.12

𝜎෡Ω(𝑓𝑘)

𝜉
Variance of ො𝜺𝒂𝒗 𝒇𝒌

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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Ƹ𝜀𝑎𝑣 𝑓𝑘 ≡ ෢𝜀2
𝑎𝑣

fk
Estimator for 
𝜺𝒂𝒗 ≡ 𝜺 𝑵𝑺

𝜎ො𝜀
2 𝑓𝑘 ቚ

ො𝜀 𝑓𝑘 ≪1
≈ 0.12

𝜎Ω(𝑓𝑘)

𝜉
Variance of ො𝜺𝒂𝒗 𝒇𝒌

These are narrow-band estimators, and we need to combine them over the frequencies

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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Ƹ𝜀𝑎𝑣 𝑓𝑘 = ෢𝜀2
𝑎𝑣

fk
Estimator for 
𝜺𝒂𝒗 ≡ 𝜺 𝑵𝑺

𝜎ො𝜀
2 𝑓𝑘 ቚ

ො𝜀 𝑓𝑘 ≪1
≈ 0.12

𝜎Ω(𝑓𝑘)

𝜉
Variance of ො𝜺𝒂𝒗 𝒇𝒌

Optimal broadband  estimator

Ƹ𝜀𝑜𝑝𝑡 =
σ𝑘 Ƹ𝜀(𝑓𝑘)/𝜎𝜀

2(𝑓𝑘)

σ𝑘 1/𝜎𝜀
2(𝑓𝑘)

ො𝜎2
𝑜𝑝𝑡 =

1

σ𝑘 1/𝜎𝜀
2(𝑓𝑘)

Why are we
doing this?

These are narrow-band estimators, and we need to combine them over the frequencies

Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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Final goal: use results of the previous analysis to build an estimator for the average ellipticity of the NS population
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• In this work, we have derived constraints on the average ellipticity of a neutron-star population from the results of a 
cross-correlation-based search for a stochastic gravitational-wave background.

• In this talk, we have focussed on the Galactic neutron stars, and the search for isotropic background, using the the data 
from the first three observation runs of Advanced LIGO and Virgo. (See backup slides for the ‘‘hotspot’’ case.)

Discussion and Conclusions
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• In this work, we have derived constraints on the average ellipticity of a neutron-star population from the results of a 
cross-correlation-based search for a stochastic gravitational-wave background.

• In this talk, we have focussed on the Galactic neutron stars, and the search for isotropic background, using the the data 
from the first three observation runs of Advanced LIGO and Virgo. (See backup slides for the ‘‘hotspot’’ case.)

• We have not found compelling evidence of a SGWB signal from any of the considered sources and hence have set upper 
limits on the intensity of the background by bounding the energy density parameter Ω𝑔𝑤(𝑓).

• These results have then been translated to constraints of the Galactic NS average ellipticity, obtained to be as low as 
𝜀𝑎𝑣 ≤ 1.8 × 10−8 with 𝑁𝑏𝑎𝑛𝑑 = 1.6 × 107NSs, and are the first of their kind.

Discussion and Conclusions



Discussion and Conclusions
• In this work, we have derived constraints on the average ellipticity of a neutron-star population from the results of a 

cross-correlation-based search for a stochastic gravitational-wave background.

• In this talk, we have focussed on the Galactic neutron stars, and the search for isotropic background, using the the data 
from the first three observation runs of Advanced LIGO and Virgo. (See backup slides for the ‘‘hotspot’’ case.)

• We have not found compelling evidence of a SGWB signal from any of the considered sources and hence have set upper 
limits on the intensity of the background by bounding the energy density parameter Ω𝑔𝑤(𝑓).

• These results have then been translated to constraints of the Galactic NS average ellipticity, obtained to be as low as 
𝜀𝑎𝑣 ≤ 1.8 × 10−8 with 𝑁𝑏𝑎𝑛𝑑 = 1.6 × 107NSs, and are the first of their kind.

• These results are not directly comparable to the ones obtained from continuous wave searches, which are have a stronger
constraining power (𝜀~10−9), but target one neutron star at a time, and are limited by their computational cost.

• Stochastic searches, on the other hand, have become computationally efficient and faster, and allow to instantaneously 
identifying the features of an ensemble of known or unknown NSs, which would otherwise require decades/centuries to 
be determined through individual NS discoveries.

• Possible synergies between the two searches, using the stochastic ones to perform a blind, rapid all-sky search for NS 
signals and transmit the coordinates of possible outliers as inputs of the continuous wave ones, for a more refined and 
sensitive search. 95



How to extend this work
• We could gain even more information about NS populations by treating the average squared moment of inertia and the 

average square inverse distance as free parameters.

• Additionally, we could estimate and set constraints on these quantities through a full Bayesian search, in which priors 
could be derived from population synthesis simulations.
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How to extend this work
• We could gain even more information about NS populations by treating the average squared moment of inertia and the 

average square inverse distance as free parameters.

• Additionally, we could estimate and set constraints on these quantities through a full Bayesian search, in which priors 
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the λ-statistics from Talukder et al. 2011, which may set less conservative upper limits. (This has actually already been
implemented in Agarwal at al., 2022).

97

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.83.063002
https://arxiv.org/abs/2204.08378
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• We could gain even more information about NS populations by treating the average squared moment of inertia and the 

average square inverse distance as free parameters.

• Additionally, we could estimate and set constraints on these quantities through a full Bayesian search, in which priors 
could be derived from population synthesis simulations.

• These simulations could also be used to model the NS frequency and angular distributions, which could then be used as 
an alternative to those derived from the ATNF catalogue, especially in the case of extra-galactic NSs.

• The inclusion of angular distribution of the NSs would allow to perform a template-based matched-filtering search using 
the λ-statistics from Talukder et al. 2011, which may set less conservative upper limits. (This has actually already been
implemented in Agarwal at al., 2022).

• Finally, from the synthesised population, the corresponding SGWB signal could be simulated, and its prospects for 
detection and characterization could be examined within the networks of the future detector.

• Two ways of doing this would be to consider a network, where KAGRA and the future LIGO-India are included, or 
considering the next-generation interferometers, such as Einstein Telescope and Cosmic Explorer, and evaluate their 
impact on these kinds of searches.
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Thank you for your attention!
Merci beaucoup de votre attention!
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I guess you have some 
questions for me…
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O3-iso: main 
results 

summary
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O3-
directional: 
BBR results
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O3-
directional: 
SHD results
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Astrophysical GWB: nature

Duty cycle: 
• ratio between the duration of the events and the time interval between successive events

• average number of events present at the detector at a given observation time

• time interval between events 
small compared to the duration 
of a single event

• waveforms overlap: Gaussian
statistic

• completely determined by their 
spectral properties

• time interval between events 
long compared to the duration 
of a single event

• waveforms are separated by 
long stretches of silence

• interval between events of the 
same order of the duration of 
a single event

• waveforms may overlap but no 
Gaussian  statistic

• unpredictable amplitude on 
the detector at a given time 
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Shot noise
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Popcorn
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Continuous
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Cosmological
GWB

Gravitational counterpart
of the CMB

Expectation: a gaussian, 
stationary, unpolarized, 

isotropic background 
(first approximation)
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Cosmological
GWB

Gravitational counterpart
of the CMB

Expectation: a gaussian, 
stationary, unpolarized, 

isotropic background 
(first approximation)

A Holy Grail for Cosmology?!

<1: Expansion wins and GWs decouple
𝑇∗ ~𝑀𝑃𝑙 ↔ 𝑡∗~𝑡𝑃𝑙 ≃ 10−43𝑠

Window to new Physics!
Beyond the Standard Model
Beyond General Relativityy
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